We present a novel interface-capturing scheme, THINC-scaling, to unify the VOF (volume of fluid) and the level set methods, which have been developed as two completely different approaches widely used in various applications. The THINC-scaling scheme preserves at the samectime the advantages of both VOF and level set methods, i.e. the mass/volume conservation of the VOF method and the geometrical faithfulness of the level set method. THINCscaling scheme allows to represent interface with high-order polynomials, and has algorithmic simplicity which eases its implementation in unstructured grids.
Introduction
VOF (volume of fluid) and level set are the two most popularly used methods in capturing moving interface, and find their applications in diverse fields, such as numerical simulation of multiphase fluid dynamics, graphic processing, topological optimization and many others. Historically, they were independently developed based on completely different concepts and solution methodologies, and have their own superiority and weakness.
VOF method [1, 2, 3, 4, 5] uses the volume fraction of one out of multiple species in a control volume (mesh cell) to describe the distribution of the targeted fluid in space. The VOF function by definition has a value between 0 and 1, and the interfaces can be identified as isosurfaces (3D) or contours (2D) of a fractional VOF value, say 0.5 for example. A more accurate way to represent the interface is using geometrical reconstruction, such as the PLIC (Piecewise Linear Interface Calculation) schemes which are currently accepted as the main-stream VOF methodology. Rigorous numerical conservation can be guaranteed if a finite volume method is used to transport the VOF function, which is found to be crucial in many applications. The VOF function is usually characterized by large jump or steep gradient across the interface. So, directly using the VOF function to retrieve the geometrical information of the interface, such as normal and curvature, may result in large error.
The level set method [6, 7, 8] , on other hand, defines the field function as a signed distance function (or level set function) to the interface, which possesses a uniform gradient over the whole computational domain and thus provides a perfect field function to retrieve the geometrical properties of an interface. However, the level function is not conceptually nor algorithmically conservative. The numerical solution procedure, including both transport and reinitialization, does not guarantee the conservativeness in numerical solution. It may become a fatal problem in many applications, like multiphase flows involving bubbles or droplets.
Efforts have been made to combine the VOF method and level set method, which lead to the coupled level set/VOF methods (CLSVOF) [9, 10, 11, 12] . The PLIC type VOF method is blended with the level set method so as to improve both conservativeness and geometrical faithfulness in numerical solution.
In this paper, we propose a new scheme that unifies the VOF and level set methods, based on the observation that the VOF field can be seen as a scaled level set field using the THINC (Tangent of Hyperbola Interface Capturing) function, which has been used in a class of schemes for capturing moving interface [13, 14, 15, 16, 17] . The resulting scheme, so-called THINC-scaling scheme, converts the field function from level set to VOF by the THINC function, and converts the VOF field back to the corresponding level set field via an inverse THINC function. So, it can make use of the advantages of both VOF and level set at different stages of solution procedure, which eventually realizes the high-fidelity computation of moving interface regarding both numerical conservativeness and geometrical representation.
The connection between level set and VOF functions
We consider an interface ∂Ω separating two kinds of fluids, fluid 1 and fluid 2, occupying volumes Ω 1 and Ω 2 respectively in space. We introduce the following two indicator functions to identify the different fluids and the interface. • Level set function ( Fig.1(a) ):
The level set function is defined as a signed distance from a point x = (x, y, z) in three dimensions to the interface ∂Ω by
where x I represents any point on the interface, and referred to as interface point.
• VOF function ( Fig.1(b) ): The VOF function in the limit of an infinitesimal control volume is the Heaviside function. Assuming the VOF function as the abundance of fluid 1, we have the Heaviside function in its canonical form as
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Recall that
we get a continuous Heaviside function
with a finite steepness parameter β. Given a computational mesh with cells of finite size, the cell-wise VOF function is defined bȳ
where Ω l is the target cell with a volume |Ω l |. In practice, we recognize the interface cell where an interface cuts through, in terms of the VOF velue, by ε ≤H Ω l ≤ 1 − ε with ε being a small positive, e.g. ε = 10 −8 . From the definition of level set function (1), we know that (4) scales a level set function to a Heaviside function. Now, we establish a connection between the level set function and the Heaviside function.
• THINC scaling (φ → H):
We convert the level set field by
where P(x) is a polynomial
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whose coefficients are determined from the level set function through the following constraints.
In practice, we calculate the coefficients of P(x) via numerical approximations using the discrete level set field available in the computational domain.
We refer to (6) as the THINC scaling formula, and (7) as the level set polynomial.
• Inverse THINC scaling (H → φ):
Given the THINC function, we can directly compute the corresponding level set function by
Formula (9) is referred to as the inverse THINC scaling that converts the Heaviside function to the level set function.
Remark 1. Formulae (6) and (9) provide analytical relations to uniquely convert between the level set and the THINC functions, which unifies the two under a single framework handleable with conventional mathematical analysis tool, and more importantly allows us to build interface-capturing schemes that take advantages from both VOF and level set methods.
Remark 2. The interface is defined by
where the level set polynomial P(x) defined in (7) enables to accurately formulate the geometry of the interface.
In principle, we can use arbitrarily high order surface polynomial to represent the interface straightforwardly without substantial difficulty.
Remark 3. A finite value of the steepness parameter β modifies the Heaviside function to a continuous and differentiable function (6) , which serves an adequate approximation to the VOF function with adequately large steepness parameter β.
The THINC-scaling scheme for moving interface capturing
We assume that the moving interface is transported by a velocity field u. Thus, the two indicator functions are advected in the Eulerian form by the following equations, i.e.
for the THINC function H (x, t), and
for the level set function φ (x, t).
Next, we present the THINC-scaling scheme to simultaneously solve (11) and (12) . The computational domain is composed of non-overlapped discrete grid cells Ω i (i = 1, 2, . . . , N) of the volume |Ω i |, which can be either structured or unstructured grids. For any target cell element Ω i , we denote its mass center by x ic = (x ic , y ic , z ic ), and its J surface segments of areas Γ i j by Γ i j with j = 1, 2, . . . , J. The outward unit normal is denoted by n i j = (n xi j , n yi j , , n zi j ).
Assume that we know at time step n (t = t n ) the VOF valuē
for each cell, and the level set value φ
at each cell center, we use the third-order TVD Runge-Kutta scheme [18] for time integration to update both VOF and level set values,H n+1 i and φ n+1 i , to the next time step n + 1 (t = t n+1 = t n + ∆t). We hereby summarize the solution procedure of the THINC-scaling scheme for one Runge-Kutta sub-step that advanceH at sub-step m + 1.
Step 1. Compute the level set polynomial of pth order for cell Ω i from the level set field using the constraint condition (8),
where (X, Y, Z) is the local coordinates with respect to the center of cell 
With a pre-specified β and the surface polynomial obtained at step 1, the only unknown φ ∆ i can be computed from (16) . In practice, we use the numerical quadrature detailed in [16] , and the resulting nonlinear algebraic function of φ ∆ i is solved by the Newton iterative method. See [16] for details.
We then get the THINC function
which satisfies the conservation constraint of the VOF value, and φ ∆ i is a correction to the interface location due to the conservation. The piece-wise interface in each interface cell is defined by
We refer to (18) as the Polynomial Surface of the Interface (PSI) in cell Ω i .
Step 3: Update the VOF function by solving (11) through the following finite volume formulation,
where the upwinding index iup is determined by
and i j denotes the index of the neighboring cell that shares cell boundary Γ i j with target cell Ω i . The integration on cell surface is computed by Gaussian quadrature formula.
Step 4: Update level set value at cell center using a semi-Lagrangian method as follows.
Step 4.1: We first find the departure point x id for each cell center x ic by solving the initial value problem,
up to τ = ∆t = t n+1 − t n , which leads to x id = x(τ). We use a second-order Runge-Kutta method to solve the ordinary differential equation (21).
Step 4.2: Update the level set value φ i at cell center x ic using the Lagrangian invariant solution,
whereφ m id is the level function on cell Ω id where the departure point x id falls in. Using the inverse THINCscaling formula (9), we immediately get the level set function from (17) ,
which gives the level set value everywhere in cell Ω id that includes the departure point x id .
Step 5: Reinitialize the level set field. We fix the level set values computed from (23) 
We use the Fast Sweeping Method (FSM) [19] on structured grid and the iteration method [20] on unstructured grid for reinitializing level set values.
Step 6: Go back to Step 1 for next sub-time step calculations.
Remark 4. The THINC-scaling scheme shown above unifies the VOF method and level set method. Eq.(17) retrieves the VOF field from the level set field, while (23) retrieves the level set field from the VOF field with numerical conservativeness.
Remark 5. The inverse THINC-scaling (23) facilitates a semi-Lagrangian solution without any spatial reconstruction or interpolation, such as those used in [21] . This step essentially distinguishes the present scheme from the coupled THINC/level set method in [17] , where the level set function is updated by a fifth-order HamiltonJacobi WENO scheme with a 3rd-order TVD Runge-Kutta time-integration scheme.
Remark 6. The interface is cell-wisely the PSI defined by (18) , ψ i (x) = 0, within the interface cells, which provides the sub-cell interface structure with geometrical information, such as position, normal direction and curvature to facilitate the computation of so-called sharp-interface formulation. It distinguishes the present scheme with superiority from any other algebraic interface-capturing methods.
Remark 7. As discussed in [14] , the steepness parameter β can be estimated by the thickness of the jump transition across the interface using
where η denotes the normalized half thickness of the jump with respect to the cell size, and ε is a small positive number to define the range of interface transition layer in terms of the VOF value, i.e. ε ≤ H(x) ≤ 1 − ε, we use ε = 10 −8 in this work. In order to keep a 3-cell thickness for the interface, η can be set as 1.5, which approximately results in β ≈ 6. Our numerical experiments show that the THINC method can resolve sharply interfaces within one or two cells by using larger β.
Numerical tests
We verify the THINC-scaling scheme to capture moving interfaces using some advection benchmark tests. We focus on the numerical tests in two dimensions on both structured (Cartesian) grid and unstructured (triangular) grid. The numerical errors in terms of the VOF field are quantified via the L 1 error norm (26).
whereH i andH e i are respectively the numerical and exact VOF values.
Solid body rotation test
In this test, so-called Zalesak's slotted disk test [22] , initially a circle with a radius of 0.5 centered at (0.5, 0.75) in a unit square computational domain is notched with a slot defined by (|x − 0.5| ≤ 0.025 and y ≤ 0.85). The slotted circle is rotated with the velocity field given by (y − 0.5, 0.5 − x).
The steepness parameter is set β = 6, and a quadratic polynomial
is used in this test. We compute this test on structured grid for different grid sizes with 50, 100 and 200 vertices evenly distributed on each edge of computational domain. Fig.2 shows the numerical results of interface identified by VOF 0.5 contour line. As observed from these results, the interface in the slot region is well captured. As demonstrated in [16] and [17] , the quadratic polynomial representation of the interface preserves the geometrical symmetry of the solution, which deteriorates significantly if a linear function (straight line) is used as commonly observed in the results of VOF method using PLIC reconstructions. We also show the PSI of the interface cells in Fig. 3 . The interface is retrieved and represented by the cell-wise quadratic curves in the interface cells. 
Vortex deformation transport test
The THINC-scaling scheme is further assessed by single vortex test [4] , in which a circle initially centred at (0.5, 0.75) in a unit square domain is advected by time dependent velocity field given by the stream function as follows,
where T = 8 is specified in this test. This test, as one of the most widely used benchmark tests, is more challenging to assess the capability of the scheme in capturing the heavily distorted interface with stretched tail when transported to t = T/2. From t = T/2 to t = T , the reverse velocity field restores the interface back to its initial shape. In case of T = 8, the spiral tail becomes so thin that it can not be resolved by the resolution of a coarse grid. We tested this case on Cartesian grids with different resolutions of 64 × 64, 128 × 128 and 256 × 256 respectively. Numerical results on different grids at t = T/2 and t = T are shown in Fig. 4 . The THINC-scaling scheme can capture 8 the elongated tail even when the interface is under grid resolution, and can restore the initial circle with good solution quality.
The PSI at t = T/2 on 128 × 128 grid is shown in Fig. 5 . The tail tip is stretched into a thin film with a thickness smaller than the cell size. This sub-cell structure can still be reconstructed by the THINC-scaling scheme with quadratic or higher order polynomial representation. Consequently, the pieces of flotsam generated from the PLIC VOF methods are not observed here. A quantitative comparison with other sophisticated geometrical VOF methods [23, 24, 25] is given in Table 1 . It reveals the appealing accuracy of the present scheme.
We solved the Rider-Kothe shear flow test case on an unstructured grid with triangular cells. In order to compare with the results in [25] , we set 64 nodes on the domain boundaries in x and y directions respectively. We used β = 6.0/∆, where ∆ represents the cell size and is defined as the hydraulic diameter ∆ = 4A/P with A and P being the area and perimeter of the triangular cell element respectively. We plot the numerical results in Fig. 6 . The PSIs in the interface cells accurately present the reconstructed interface. The flotsams in the PLIC reconstruction [25] are avoided in the present results. A quantitative comparison is given in Table 2 . The THINC-scaling scheme shows superiority in accuracy on unstructured grid. 
Conclusions
We propose a novel scheme to unify the solution procedures of level set and VOF methods that are two interfacecapturing methods based on completely different concept and numerical methodology. The underlying idea of the scheme, THINC-scaling scheme, is to use the THINC function to scale/convert between the level set function and a continuous Heaviside function which mimics the VOF field. The THINC function uses the level set polynomial to accurately retrieve the geometrical information of the interface from the level set field with high-order polynomials, and is constructed under the constraint of VOF value to rigorously satisfy the numerical conservativeness. Being a function handleable with conventional calculus tools, the THINC function facilitates efficient and accurate computations in interface-capturing schemes, which take the advantages from both VOF and level set methods.
We verified the THINC-scaling scheme with advection benchmark tests for moving interfaces on both unstructured and unstructured grids, which demonstrate the super solution quality and the great potential of the proposed scheme as a moving interface-capturing scheme for practical utility.
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